The result of Browder [7] for T: D -> D a 1-set-contraction with D convex and (/-7)(D) closed, and a theorem of Edmunds and Webb [ll] for X a Hubert space and 7: X -> X either 1-ball or 1-set contractive with (/ -7)(B (0, r)) closed for each r > 0 follow also from Theorem 1.
Second, in § §2 to 5 we apply Theorem 1 to the derivation of fixed point theorems (some new and some old) for various special classes of maps that have been tecently studied by a number of authors and which, as will be seen, are either 1-set or 1-ball contractive. Our discussion in these sections underlines, in addition to generality, the unifying aspect of Theorem 1. We remark specifically that, even for these special cases, some of our results are more general than those obtained by other authors, usually by different methods.
In §2, we use Theorem 1 to deduce a number of fixed point results for con- Finally we add that in our discussion of special cases of Theorem 1, we yiD + Q)<iD) + yiQ) (see [9] ).
Closely associated with y is the concept of a k-set-contraction T: G -> X defined to be a bounded continuous map such that y (7(D)) < kyiD) for each bounded D C G and some constant k > 0. It follows that C: G -» X is compact if and only if C is O-set-contractive, and that evety Lipschitzian map S; G -> X with constant / > 0 is /-set-contractive.
Clearly the map 7 = 5 + C; G -' X is also /-set-contractive. We shall also need the concept of a condensing map introduced first by Sadowsky [39] fot ball-measure of noncompactness (see the definition below) and later by Furi and Vignoli [16] for the set-measure y. A bounded continuous map 7 of G into X is set-condensing (of densifying by [16] ) if y (7(D)) < yiD) for each bounded D CG with yiD) / 0. It follows that every kset-contractive map with k < 1 is set-condensing and that every set-condensing map is 1-set-contractive but the reverse implications do not hold (see [31] D -* X which are set-condensing but it is unknown whether they are also ballcondensing and vice versa.
In what follows we shall need the following fixed point theorem which we state here as a lemma.
Lemma 1 (Petryshyn [34] ). Let D be a bounded open set in X and let 7:
D -* X be a 1-set-contractive mapping for which the following holds:
(a) There exists xQ £D such that if T(x)-x_ = a(x -x.) for some x in dD, then a < 1.
Then 7 has a fixed point in D. D -• X is 1-ball-contractive.
Using Lemma 1 and Remark 1.1 we now give a simple proof of the following fixed point theorem for 1-set and 1-ball contractions which, as will be seen in § §2
to 5, unifies and extends most of the known fixed point theorems. Proof. It is clear that condition (c) holds if 7 has a fixed point in D.
We will prove the converse. For each / , with 0 < / < 1 and / -» 1 as r n1 n n n -> oo, consider the mapping 7' : D -> X defined by 7n(x) = tnT(x) +(l-/n)xQ.
The properties of the measures y and y imply that, for each fixed n, 7 is either t -set-contraction or / -ball-contraction, depending on 7. Hence, for each fixed 7z, (/ -7 )(D) is a closed set since, as was shown in [29L I -T is proper; moreover, if 7 (x) -xQ = X(x -xQ) for some x in dD, then 7(x) -xQXt~ (x -x.) and therefore condition (a) implies that Ai-< 1, i.e., X < t < 1 for n > 1. Hence, by Lemma 1 and Remark 1.1, for each n there exists an element x in D such that 7 (x ) = x . Consequently, since 7 and ix 1 are n n n n *■ J n bounded and t -> 1 as rz -. oo, x -7 (x ) = (t -1)7 (x ) + (1 + / )xn -* 0 as n n It n n no n -»oo. This and condition (c) imply the existence an x in D such that x -
It is obvious that condition (b) of Lemma 1 implies condition (c) of Theorem 1 but an example will show in §2 that if D is also convex and 7 is a generalized contraction of D into D in the sense of Belluce and Kirk [2], then 7 satisfies condition (c) but it is unknown whether condition (b) holds fot this class of mappings. In case 7 is a set-condensing or ball-condensing (and, in particular, ¿-set or kball contractions with 0 < k < l), the sufficency part of Theorem 1 remains valid without the assumption of condition (c) for the latter is always true for this class of mappings.
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Note that condition (a) is implied by the assumption (al) l|7l.x)-x||2> ||7(x)-*0||2-||x-x0||2 forxedD used in [l ] for the case when D = B(0, r) and xQ = 0 and in [20] fot the case when D = B(xQ, r). In case 0 e D, then (a2) (7(x), Jix))<ix, Jix)) for x £ dD X* also implies (a), where / is a duality map of X -♦ 2 cottesponding to a given gauge function p, i.e., Jix) = \w £ X*| {w, x) = \\w\\ \\x\\, \\w\\ = iu. is compact if A C G is bounded. Proof. It follows from our discussion in §1 that 7 = S + C: D -► X is ¿-setcontractive with k = a < 1 and thus 1-set-contractive. others (see [15] ). It should be added that since 7 = S + C is ¿-set-contractive License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Proof. Since S: D -» X is nonexpansive and C is compact, 7 = S + C:
D -• X is 1-set-contractive and hence Theotem 2.2 follows from Theorem 1.
We say that a map P: G -» X is demiclosed if ixj C G is such that x^ -* x £ G and P (x ) -♦ / in X, then P(*0) = /, where -and -. denote the weak and the strong convegence in X, respectively. is nonexpansive and compact, respectively; 7 = 5 + C maps B into S (i.e., 7 is 1-set-conttactive and satisfies condition (a)) but 7 has no fixed points in B. Consequently, some additional condition has to be imposed for 7 = S + C to have a Indeed, if ¡x j is any sequence in D such that xn -7 (x ) -> 0, then assuming without loss of generality that x --xQ in D and using the complete continuity of C we see that C (x ) -> C (x0) as tz -> oo and, therefore, x^ -Sx^ -x -
as tz -» oo. Since I -S is demiclosed, it follows that n n u
x--S (x0) = C (xQ), i.e., xQ -7 (xQ) = 0 and 7 satisfies condition (c On the other hand, let x' be any point in dB. Then, by (2.2) and (KI), for any y in B we have \\S'i0)+C'iy)\\ = y2\\Si0) + Ciy)\\ < V2 \\SiO) -Six' )\\ + Y2 \\Six') + Ciy)\\ < V2aiO)r + %r<r.
Hence, S' + C' satisfies condition (K) and therefore, by Theorem 2.4, 7 has a fixed point in B. Q.E.D. Kirk [23] that, under the above conditions on F, ¡x.j is necessarily a Cauchy sequence which converges strongly (necessarily to xQ) so that x0 -F(x0) = 0, i.e., xQ -S(x0A/. But then Ox.) -C(*") = / as ; -«,.
Hence xQ -7(xQ) = 0, i.e., 7 satisfies condition (c) of Theotem 1 and so, by It is in the first part of this section that the usefulness of the validity of Theorem 1 for 1-ball-contractions will be apparent. We will deal with mappings for which it is easy to verify that they are 1-ball-contractions but for which it is unknown whether they are 1-set-contractions.
To fix our terminology we consider the following definitions (Vj(y, x0),/(y -x0)) = (y-V(y, x0),/(y -x0))>0 for all y in X.
We now let z be an arbitrary element of X and for each t > 0 we set y( = xn + tz. As t -> 0, yt -> xQ and therefore from the inequality iyt -Viy(, xQ), J itz)) > 0 and the fact that / itz) = £zit)j (z) with cfzit) > 0 it follows that (ytViy , x0), / (z)) > 0. Passing to the limit in the last inequality as I -» 0 we get the relation (x0 -Vix0, xQ), Jiz)) > 0 for all z in X.
Since, by the results in [7] , R (/) = X* it follows that 7(xQ) = xQ, i.e., 7 satisfies condition (c). Q.E.D. We start with the following lemma whose simple proof is given in [29] and which we include here for the sake of completeness.
Lemma3.2. Let D be a bounded open subset of a Banach space X and 7:
D -> X a continuous mapping which is either of strictly or of weakly semicontractive type. Then 7 is X-set-contractive with X = k or X = 1 depending on whether 7 is of strictly or of weakly semicontractive type.
Proof. Suppose further that 7 satisfies any one of the following two conditions:
(i) 7 z's of strictly semicontractive type.
(ii) 7 is of weakly semicontractive type and 7 satisfies also condition (c)
of Theorem 1.
Then, in either case, 7 has a fixed point in D. In this section we discuss the solvability of the equation This class of maps is more general than the class of nonexpansive maps and, as has been observed in [5] , it has the useful property that U is pseudo-contractive if and only ii I -U is accretive, i.e., ((/ -ÍJ)(x) -(/ -U)iy), J (x -y)) > 0 for all x, y £ G, where / is a normalized duality map of X into X* (i.e., / corresponds to the gauge function pit) = t).
We add that when X is a Hilbert space the notion of a pseudo-contractive
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use mapping has been first introduced by Browder and Petryshyn 18] by defining it to be a mapping U: G -► X such that (4.5) \\Uix) -U(y)\\2 < \\x -y\\2 + \\il -U)ix) -il -U)iy)\\2 tot all x, y £ G.
It was shown in [8] that U is pseudo-contractive (i.e., (4.5) holds) if and only if / -U is monotone on G (i.e., / -U is accretive with / = /). Since I -U is also monotone if and only if (4.4) holds we see that in the case of Hilbert spaces the definitions (4.4) and (4.5) are equivalent.
We note in passing that if we set A = r/(l +r), then (4.4) is equivalent to the requirement that (4.6) (1 -A)||x -y || < ||(/ -XU)ix) -il -XU)iy)\\ tot x, y £ G and X £ (0, l).
Now, the first consequence of Theorem 1 is the following generalization of Theorem 1 in [18] . (ii) U is pseudo-contractive on G.
(iii) U satisfies condition (a) of Theorem 1 for xQ = 0.
(iv) U satisfies condition (c) of Theorem 1 on G.
Then U has a fixed point in G. Furthermore, (4.6) implies that ||F (x) -F (y)\\ < ||A (x) -A (y)\\ tot x, y e G and therefore the map 7 = FA~ : D -> X is nonexpansive and, in particular, l-setcontractive.
We shall now show that 7 = FA~ satisfies conditions (a') and (c ) of Theorem 1 .
To see that (a ) holds for some yQ in G note first that since X^U satisfies conditions (a) and (c) of Theorem 1 for xQ = 0, it follows that AQt/ has a fixed point x in G (i.e., A (x ) = 0) with x lying in G because AQ lies in (0, 1 ) and U satisfies (iii). Hence 0 lies in D = A (G). We choose x for y" in condition (a') of Theorem 1 ' and observe that if F iy) -A (x ) = aiA (y) -A (x )) (i.e., Fiy) = aA iy)), for some y in t9G, then U iy) = ((a. + AQ -l)/aAn)y and, therefore, (a + AQ -l)/aAQ < 1 by condition (iii). Since AQ lies in (0, 1), the latter inequality implies that a< 1, i.e., (a ) of Theorem 1 holds. Now, condition (c ) follows from (iv) and the fact that F -A = kQiU -I).
Thus, by Theorem 1 , there exists x in G such that F ix) -A (x) = 0 or, equivalently, x -U (x) = 0. Q.E.D.
Remark 4.4. Since every Lipschitzian map U: G -► X is /e-set-contractive for k equal to the Lipschitz constant and since the hypothesis that (/ -l/)(D) is closed implies our condition (iv), Theorem 1 in [18] is a special case of our Theorem 4.1. We add in passing that the results in [18] were also deduced from the author's Theorem 7 in [34] .
To obtain a result analogous to Theorem 4.1 but without the assumption (iv)
we first establish the following lemma. Following [18] we say that ii: X -» X is strongly pseudo-contractive on X relative to G C X if for each x in X and r > 0 thete exists a number a([x) < 1 such that
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If in the above definition it is assumed that U is defined only on G and that (4.7) holds only for x in G, then we shall say that U: G -» X is strongly pseudo-contractive on G.
Theorem 4.2. Let X be a Banach space and U a k-set -contrac live if or some k > 0) map of B (0, q) into X such that (jjj) (U(x), J(x))<ix, Jix)) for x in dBÍ0, q).
Then U has a fixed point in B (0, q) provided any one of the following two conditions hold:
(A) X is reflexive and U: B -> X is strongly pseudo-contractive on B.
(B) X is uniformly convex and U: B -> X is pseudo-contractive on B.
Proof If in Theorem 4.2 we assume that U is defined on all of X, then the following result holds, which fot Lipschitzian mappings is due to Gatica and Kirk [18] . ii(x) = 0. Since X is reflexive and D is convex, the map U will, of course, have the above property if in both cases we show that / -ii is demiclosed. The latter fact has been established by Browder [6] for the case when X, X* and U satisfy condition (Bn) and by Gatica and Kirk [18] for the case when X and U satisfy condition (AQ). Q.E.D.
We complete this section with the following tesult which is related to Proof. Let E^ = JA e (0, 1)| kk < 1 j and let AQ be any fixed numbet in E^.
Then A0(i is a /«"-set-contraction of X into X with kQ = AQ/e < 1 and since ii is also pseudo-contractive on X it follows from (4.6) that for U\ri= I -kQU we have is real, its spectral radius p(A) = ||A||, and ||A"|| = ||A ||" for n = 1, 2 , 3, • • • (see [42] for further properties).
The basic result of this section is the following fixed point theorem.
Theorem 5.1. Let X be a Banach space, A a bounded linear and adjoint abelian mapping of X into X, and 7 a nonlinear mapping of X into X such that, for all y in X, 
